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The centers of most galaxies contain massive black holes surrounded by dense star clusters. The
structure of these clusters determines the rate and properties of observable transient events, such as
flares from tidally disrupted stars and gravitational-wave signals from stars spiraling into the black
hole. Most estimates of these rates enforce spherical symmetry on the cluster. Here we show that,
in the course of generic evolutionary processes, a star cluster surrounding a black hole can undergo
a robust phase transition from a spherical thermal equilibrium to a lopsided equilibrium, in which
most stars are on high-eccentricity orbits with aligned orientations. The rate of transient events is
expected to be much higher in the ordered phase. Better models of cluster formation and evolution
are needed to determine whether clusters should be found in the ordered or disordered phase.
https://journals.aps.org/prl/accepted/7d07fY20P5414669399484c5b2c3677a256e33d4a
I. INTRODUCTION
The central black-hole mass in galaxies, M•, is tightly
correlated with the large-scale properties of the galaxy.
In particular the mean-square line-of-sight velocity of
the stars, σ2, is related to the black-hole mass through
[1] M• ' 3 × 108M(σ/200 km s−1)4.4 over the range
106 . M•/M . 1010. The orbits of stars are domi-
nated by the gravitational field of the black hole within
its sphere of influence, of radius rinfl = GM•/σ2 '
20 pc (M•/108M)0.55. For comparison, the event hori-
zon of the black hole is at least five orders of magnitude
smaller, r• = 2GM•/c2 = 9.6 × 10−6 pc (M•/108M)
where c is the speed of light. We may refer to the stars
in the region between r• and rinfl as the black-hole star
cluster.
Within this sphere stars travel on nearly Keplerian
orbits with period 2pitdyn(a), where a is the semi-
major axis and the dynamical time tdyn(a) = 1.5 ×
103 yr(a/ pc)3/2(108M/M•)1/2. Over the age of the
galaxy, ∼ 10 Gyr, gravitational forces between individ-
ual stars gradually randomize their orbits. The most
important randomization process in black-hole clusters
is resonant relaxation [2–5], which results from the time-
averaged force exerted by each stellar orbit on the other
stars. Resonant relaxation is faster than relaxation due
to close encounters between stars, also called two-body
relaxation, by a factor ' 0.15M•/[M?(r)g(r) log Λ]. Here
M?(r) is the mass of stars within radius r, log Λ '
logM•/m is the Coulomb logarithm, m is a typical stel-
lar mass, and g(r) ' max[1, 4(r•/r)M•/M?(r)] accounts
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for the suppression of resonant relaxation by relativis-
tic apsidal precession (the numerical factors are for a
typical eccentricity of 0.7). For example, in the well-
studied star cluster surrounding the 4 × 106M black
hole at the center of the Milky Way, resonant relaxation
is the dominant relaxation mechanism—faster than two-
body relaxation—over a wide range of radii, from about
0.001 pc to 0.1 pc. Resonant relaxation is also relatively
fast: the minimum resonant-relaxation time, at semima-
jor axes near 0.01 pc, is only 108 yr or 1 per cent of the
age of the galaxy [4, 6, 7].
The distribution of old stars in the Milky Way’s black-
hole star cluster is approximately spherical. Spherical
models are almost always taken for granted in theoretical
studies of black-hole star cluster dynamics [8, 9].
Because resonant relaxation results from orbit-
averaged forces, the Keplerian energies or semimajor axes
of the stellar orbits are conserved [2]. Therefore resonant
relaxation leads to an equilibrium phase-space distribu-
tion that maximizes the entropy, subject to the constraint
that the semimajor axes are conserved [10]. Additional
conserved quantities are the total mass and angular mo-
mentum as well as the total non-Keplerian energy, which
arises from the self-gravity of the stars and relativistic
corrections to the Kepler Hamiltonian. The goal of this
paper is to investigate these maximum-entropy states,
which black-hole star clusters should occupy if their age
is longer than the resonant-relaxation time. On much
longer timescales, the semimajor axis distribution of the
cluster evolves due to two-body relaxation, but the other
orbital elements should still be in the maximum-entropy
state consistent with the slowly evolving semimajor axis
distribution. We shall find that these states exhibit a ro-
bust phase transition, from a disordered spherical state
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2to an ordered lopsided state, as the self-gravitational en-
ergy of the stars is lowered.
II. NUMERICAL MODELS
In all of the models described here, the total angular
momentum of the cluster was zero and relativistic pre-
cession was neglected (see §III for a discussion of rela-
tivistic effects). The self-gravitational energy of the stars
was computed by evaluating the orbit-averaged poten-
tial energy between pairs of Kepler ellipses, using ei-
ther a spherical-harmonic expansion (§§II A and II D) or
Gauss’s method (§§II B and II C). This approach should
be valid as long as the precession time tprec ∼ tdynM•/M?
(the time needed for the line of apsides to precess one ra-
dian due to the mean gravitational field of the cluster) is
much longer than the orbital time, which requires that
the total mass in stars is much less than the black-hole
mass, M?(r)M•.
A. Maximum-entropy states of a mono-energetic
cluster
First, we found the maximum-entropy states of a clus-
ter in which all the stars have a single semimajor axis a0.
We call this a “mono-energetic” cluster since the Keple-
rian energy is −GM/(2a0). This assumption is clearly
unrealistic, but provides a simple test case that can be
explored thoroughly [13] and in which the evolution is
dominated by orbit-averaged forces even though all stars
have the same period. We also assume that the cluster
is axisymmetric, so the orbit-averaged distribution func-
tion may be determined on a three-dimensional grid in
phase space (eccentricity, inclination, and argument of
periapsis). The corresponding gravitational potential is
obtained using a spherical-harmonic expansion up to or-
der lmax = 8. Terminating the expansion at finite lmax
softens the gravitational force, but we have confirmed
that the results below are insensitive to the precise value
of lmax. We ignore any loss of stars through tidal disrup-
tion or consumption by the central black hole.
These systems constitute a family of microcanonical
ensembles that can be characterized by a single control
parameter E, the self-gravitational energy of the stel-
lar system in units of GM2?/a0. Spherically symmetric
systems—those in which the distribution function de-
pends only on the eccentricity e—provide an important
reference point. Since the distribution function depends
on only one variable and the gravitational potential is
spherical it is straightforward to calculate the maximum-
entropy spherical distribution at a given mass and energy.
We find that the rms eccentricity esphrms varies monotoni-
cally with energy, from zero when E = −1/2 (all stars
on circular orbits) to unity when E = −0.29736 (all stars
on radial orbits). Physically, when esphrms is small, the stel-
lar mass distribution has less radial width so the self-
gravitational energy is more negative. Thus esphrms can be
used as an alternative control parameter. Another al-
ternative is the inverse temperature β, defined for the
microcanonical ensemble such that the distribution func-
tion is ∝ exp(−βH) where H is the Hamiltonian. For
spherical systems, β declines monotonically with increas-
ing E and is zero for E = −0.3559, corresponding to an
ergodic distribution function that is independent of all
orbital elements other than the semimajor axis and has
esphrms = 2
−1/2 = 0.707.
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FIG. 1. Lopsided phase transition in a maximum-entropy
cluster of stars. The cluster stars have a single semimajor
axis and zero total angular momentum. The vertical axis
shows the magnitude of the mean eccentricity vector. The
horizontal axes show the self-gravitational energy, as well as
the rms eccentricity esphrms and inverse temperature β of the
spherical system with the same energy. Open black squares
show the axisymmetric system described in §II A, while filled
blue circles with error bars are from the MCMC simulation of
a cluster of 2048 stars described in §II B. The units of E and
β−1 are GM2?/a0.
The eccentricity or Runge–Lenz vector of an orbit
points from the central mass towards periapsis and has
magnitude equal to the (scalar) eccentricity e. The mean
eccentricity vector 〈e〉 of the cluster is zero when the sys-
tem is spherical and serves as an order parameter.
We represent a mono-energetic cluster by the values of
the distribution function on a (16)3 grid in phase space,
and choose these values to maximize the entropy subject
to the constraints that the distribution function is non-
negative, the total angular momentum is zero, and the
self-gravitational energy E is fixed. The open squares
in Figure 1 show the mean eccentricity vector of the
maximum-entropy state as a function of E, β (bottom
axes), and esphrms (top axis). For E & −0.40, β . 18,
or esphrms & 0.48, 〈e〉 = 0 and the system is spherical. For
lower energies or rms eccentricities, or larger inverse tem-
3perature, the maximum-entropy system is lopsided and
|〈e〉| is non-zero. In other words there is an order-disorder
phase transition at β ' 18. Just above the critical inverse
temperature (i.e., to the left of the transition in Figure
1), spherical systems are metastable, that is, they are lo-
cated at a local but not global maximum of the entropy.
Linear stability analysis shows that spherical systems lose
their metastability at E = −0.44, through an unstable
l = 2 mode. As the system is cooled below the critical
temperature (i.e., moves to the left of E = −0.40 in Fig-
ure 1), the inverse temperature β grows, the orbits in the
ordered state become more eccentric and their lines of
apsides become more closely aligned, so the mean eccen-
tricity vector grows. These results apply to axisymmetric
clusters, in which the lopsided equilibria break the mirror
symmetry around the equatorial plane; we have also ex-
perimented with non-axisymmetric clusters but did not
find any novel behavior [11].
B. Markov chain Monte Carlo simulations of a
mono-energetic cluster
We used Markov chain Monte Carlo (MCMC) simula-
tions to construct microcanonical equilibria of a mono-
energetic cluster with a given value of E, the energy of the
stars due to their self-gravity. This approach relies on a
Markov chain of pairwise interactions to guide the system
to a stationary maximum-entropy state, and is distinct
from (and significantly cheaper than) the dynamical sim-
ulations in §II C. The simulations used N = 2048 stars,
and the orbit-averaged gravitational interaction between
each pair of stars was computed using Gauss’s method
[12] with a softening length b = 0.1a0. At each step in
the MCMC simulation we chose a random orbit pair and
changed the orbital elements of the pair randomly sub-
ject to the constraint that the total angular momentum is
conserved. We employed Creutz’s demon algorithm [14]
to constrain E at a fixed value. Typically ∼ 106 steps
were needed to reach an equilibrium state, and the equi-
librium properties were sampled over another ∼ 106 steps
after equilibrium was reached. The simulations, shown as
the solid circles with error bars in Figure 1, exhibit the
same order-disorder transition the model in §II A. The
only significant difference is a small shift in the location
of the phase transition—E = −0.38 versus E = −0.40—
which probably is due to a combination of finite-size ef-
fects and gravitational softening in the MCMC simula-
tions.
C. N-wire evolution of a mono-energetic cluster
We followed the secular evolution of a mono-energetic
cluster of N = 2048 stars, again using Gauss’s method
with softening to evaluate the forces between stars and
the resulting evolution of their orbits [12]. The stars ini-
tially had an ergodic (β = 0) distribution in the canon-
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FIG. 2. Secular evolution of a cluster of stars. The initial
cluster is composed of N0 = 2048 stars with a single semima-
jor axis a0 and zero total angular momentum. The evolution
is followed with an N -wire code [12] as described in §II C.
Stars passing within 0.01a0 of the central black hole are re-
moved, so the number N of stars declines with time (black
curve). The energy E in units of GM2? (t)/a0 also declines
with time (red curve), and the mean eccentricity vector |〈e〉|
grows (blue curve). The bottom axis shows the time in units
of tdynM•/m, the dynamical time multiplied by the ratio of
black-hole to stellar mass, which apart from dimensionless
constants equals the resonant relaxation time when relativis-
tic precession is ignored. The red cross marks the critical
energy for the phase transition, E = −0.38, according to the
MCMC simulation of Figure 1.
ical phase-space coordinates other than semimajor axis.
In addition, to mimic the loss of stars to the black hole,
we removed any star that passed through periapsis at a
distance < 0.01a0 and instantaneously added its mass to
the central black hole. With this prescription, there is
a steady decay in the number N and mass M? of the
stars; in parallel, there is a steady decline in the self-
gravitational energy E (in units of GM2?/a0) as high-
eccentricity orbits, which have higher energies, are pref-
erentially lost to the black hole. The results are shown
in Figure 2: as the energy declines below the critical en-
ergy E = −0.38 found in calculation 2 (the red cross),
the amplitude of the mean eccentricity vector starts to
grow, achieving a maximum of ∼ 0.4. The loss region
in this simulation is unrealistically large for semimajor
axes that are typical of the regions of black-hole clus-
ters in which relativistic precession can be neglected. We
have conducted experiments with smaller N that have
smaller loss regions, and these exhibit a similar lopsided
transition but over a longer timescale. We conclude that
the loss of high-eccentricity, high-energy stars cools the
cluster so β grows, leading to a transition to an ordered
state.
Analogous dynamical simulations with a Bahcall–Wolf
distribution of semimajor axes [8], dN ∼ a1/4da, also
exhibit the transition to a lopsided state.
4D. Maximum-entropy states of a self-similar cluster
Finally, we investigated the canonical equilibria of a
self-similar cluster. By choosing the distribution of semi-
major axes to be dN(a) ∝ da/a and the mass of a star
to vary with semimajor axis as m(a) ∝ a1/2, we may
ensure that the canonical equilibrium at each semimajor
axis is identical. Once again we find that as a spherical
cluster is cooled it undergoes a phase transition to an
ordered state in which the stellar orbits have high eccen-
tricity and nearly aligned apsides. The transition occurs
at esphrms ' 0.6.
III. DISCUSSION
These phase transitions are distinct from dynamical in-
stabilities. Because the self-gravity of the stars is weaker
than the gravitational force from the black hole, the only
possible dynamical instabilities in this region occur over
the precession time tprec ∼ tdynM•/M?  tdyn. The clus-
ter is stable on this timescale so long as the phase-space
distribution of the stars is monotonic in angular momen-
tum and relativistic effects are negligible [15]; it can be
unstable if the distribution function is non-monotonic,
but maximum-entropy states are always monotonic in the
absence of relativistic effects [16].
The simple model systems in §§II A–II C are all for
”mono-energetic” clusters, that is, clusters in which all
the stars have a common semimajor axis. Real black-hole
star clusters contain stars with a wide range of semi-
major axes. In this case, since semimajor axis is con-
served by resonant relaxation the stars in each small in-
terval of semimajor axis can be regarded as a subsystem
with a fixed number of particles, in thermal equilibrium
with other semimajor axis intervals and sharing a com-
mon inverse temperature β. However, they cannot be
regarded as distinct canonical ensembles because the dif-
ferent semimajor axes also interact through their com-
mon gravitational field. This problem is circumvented
in the model described in §II D by scaling the number
and mass of stars per unit semimajor axis so that all
of these subsystems are identical. Our calculations ig-
nore relativistic effects, which are important in the inner
parts of black-hole star clusters, where rM?(r) . r•M•
so relativistic precession dominates over precession due
to self-gravity. In this region the assumptions on which
we have based our discussion break down, for two rea-
sons. First, the relativistic correction to the Hamilto-
nian, Hgr = −(3/4)c2(r•/a)2/(1 − e2)1/2, becomes large
and negative for high-eccentricity orbits, so the distribu-
tion function∼ exp(−βH) diverges strongly if the inverse
temperature is positive. Second, the relativistic preces-
sion rate diverges as e → 1 so resonant relaxation be-
comes ineffective at high eccentricities (the Schwarzschild
barrier). Thus there is a three-way tension between the
relativistic Hamiltonian, which strongly favors radial or-
bits; the loss cone due to the black hole, which strongly
disfavors them; and relativistic precession, which tends
to freeze their evolution. Finally, we have restricted our-
selves to clusters with zero total angular momentum. A
similar transition in rotating axisymmetric clusters, if
present, could explain the lopsided cluster at the center of
the M31 galaxy [17–19]. We have also not explored the
possibility that the disordered and ordered states may
coexist in a given cluster.
Black-hole star clusters are unresolved in opti-
cal/infrared images, except in the Milky Way and the
nearest external galaxies. Thus lopsided clusters can-
not generally be distinguished by their spatial structure.
Instead, the primary observational consequence of the
phase transition would be an increase in the rate of tran-
sient events such as flares from tidally disrupted stars and
gravitational-wave signals from stars spiraling into the
black hole. This increase arises because high-eccentricity
orbits that bring stars close to the black hole are much
more common in the lopsided state and is visible in Fig-
ure 2 as a rapid decline in the number of surviving stars
once the mean eccentricity vector starts to grow.
We have shown that black-hole star clusters undergo
a robust phase transition from a disordered spherical
state to an ordered, lopsided state when they are cooled
below a critical dynamical temperature. In the disor-
dered state, the rms eccentricity varies monotonically
with temperature so the critical temperature can be ex-
pressed as an rms eccentricity, which in our calculations
lies in the range 0.5–0.6. Several dynamical mechanisms
could produce these low temperatures. These include re-
moval of stars on high-eccentricity orbits, formation of
stars on low-eccentricity orbits, the addition of stars on
low-eccentricity orbits through the inspiral and tidal dis-
ruption of globular clusters, or diffusion of heat between
stellar populations at different semimajor axes through
resonant relaxation. Further investigation of cluster for-
mation and evolution is needed to determine whether the
phase transition occurs in realistic black-hole star clus-
ters.
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